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Relativistic-invariant quantum entanglement between the spins of moving bodies
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The entanglement between spins of a pair of particles may change because the spin and momentum
become mixed when viewed by a moving observer [R.M. Gingrich and C. Adami, Phys. Rev. Lett.
89, 270402 (2002)]. In this paper, it is shown that, if the momenta are appropriately entangled, the
entanglement between the spins of the Bell states can remain maximal when viewed by any moving
observer. Further, we suggest a relativistic-invariant protocol for quantum communication, with
which the non-relativistic quantum information theory could be invariantly applied to relativistic
situations.
PACS numbers: 03.65.Ud, 03.30.+p, 03.67.-a
I. INTRODUCTION
The relativistic thermodynamics has been an intrigu-
ing problem for decades [1]. It has been shown that prob-
ability distributions can depend on the frames, and thus
the entropy and information may change if viewed from
different frames [2]. Recently, the effect of Lorentz boosts
on quantum states, quantum entanglement and quantum
information has drawn particular interests [3, 4, 5, 6].
The relativistic quantum information theory may be-
come necessary in the near future, with possible applica-
tions to quantum clock synchronization [7] and quantum-
enhanced global positioning [8].
Entanglement of quantum systems forms a vital re-
source for many quantum information processing proto-
cols [9], including quantum teleportation [10], cryptogra-
phy [11] and computation [12]. However, it has shown
that Lorentz boosts can affect the marginal entropy of
a single quantum spin [3], and a fully entangled spin-
1/2 system may lose entanglement when observed by a
Lorentz-boosted observer [4]. Particularly, fully entan-
gled spin states in the rest frame will most likely deco-
here due to the mixing with momentum if viewed from a
moving frame, depending on the initial momentum wave
function [4]. The entanglement between two systems de-
pends on the frame in which this entanglement is mea-
sured. These effects may have important consequences
for quantum communication, especially when the com-
municating parties are in relative movement.
In this paper, we show that for a pair of spin-1/2 mas-
sive particles, if the momenta are appropriately entan-
gled, the entanglement between the spins can remain the
same as in the rest frame when viewed from any Lorentz-
transformed frame. We also find a set of states, of
which the marginal entropy, entanglement and measure-
ment results of the spins are independent of the frames
from which they are observed. Further, we suggest a
relativistic-invariant representation of the quantum bit
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(qubit), and suggest a relativistic-invariant protocol for
quantum communication, with which the non-relativistic
quantum information theory could be invariantly applied
to relativistic situations. Though, in this paper, we re-
strict ourselves to spin-1/2 cases, the generalization to
larger spins could be done analogously. Particularly, the
generalization to spin-1 massless particles, such as pho-
tons [6], may be of special interests since current experi-
ments for quantum communications are mostly based on
photons.
II. ENTANGLEMENT BETWEEN THE SPINS,
WITH THE PRESENCE OF MOMENTUM
ENTANGLEMENT
We start by investigating the bipartite state that, in
the momentum representation, has the following form
viewed from the rest frame,
Ψ (p,q) = g (p,q)
∣∣ψ−〉 , (1)
where p and q are the momenta for the first and sec-
ond particles, respectively (For review of the definition
of the momentum eigenstates for massive particles with
spin and the transformation under Lorentz boosts, one
may refer to Refs. [3, 4, 13]). The spin part of the state
is the singlet Bell state∣∣ψ−〉 = 1√
2
(|↑↓〉 − |↓↑〉) , (2)
where |↑↓〉 = |↑〉 ⊗ |↓〉, |↓↑〉 = |↓〉 ⊗ |↑〉, with
|↑〉 =
(
1
0
)
, |↓〉 =
(
0
1
)
. (3)
The momentum distribution g (p,q) is normalized ac-
cording to ∫∫
|g (p,q)|2 d˜pd˜q = 1, (4)
where d˜p (d˜q) is the Lorentz-invariant momentum inte-
gration measures given by (We use natural units: c = 1.)
2d˜p =
d3p
2
√
p2 +m2
. (5)
Note that there is no entanglement between the spin and
the momentum parts of Ψ (p,q). The spins are max-
imally entangled, while the entanglement between mo-
menta depends on g (p,q). In what follows, we use p to
represent the momentum 4-vector as in Eq. (7) unless it
is ambiguous.
To an observer in a frame Lorentz transformed by Λ−1,
the state Ψ (p,q) appears to be transformed by Λ ⊗ Λ.
Therefore the state viewed by this observer appears to
be
Ψ′ (p,q) = U (Λ⊗ Λ)Ψ (p,q)
=
[
UΛ−1p ⊗ UΛ−1q
]
Ψ
(
Λ−1p,Λ−1q
)
, (6)
where U (Λ⊗ Λ) represents the unitary transformation
induced by the Lorentz transformation. Here, for com-
pactness of notation, we define Up ≡ D(1/2) (R (Λ,p))
as the spin-1/2 representation of the Wigner rotation
R (Λ,p) [4, 13]. Because Ψ′ (p,q) differs from Ψ (p,q)
by only local unitary transformations, the entanglement
will not change provided we do not trace out a part of
the state. However, in looking at the entanglement be-
tween the spins, tracing out over the momentum degrees
of freedom is implied. In Ψ′ (p,q) the spin and momen-
tum may appear to be entangled, therefore the entangle-
ment between the spins may change when viewed by the
Lorentz-transformed observer. By writing Ψ′ (p,q) as a
density matrix and tracing over the momentum degrees
of freedom, the entanglement between the spins (viewed
by the Lorentz-transformed observer) could be obtained
by calculating the Wootters’ concurrence [14] of the re-
duced density matrix for spins.
Any Lorentz transformation could be written as a ro-
tation followed by a boost [13], and tracing over the mo-
mentum after a rotation will not change the spin con-
currence [4], therefore we can look only at pure boosts.
Without loss of generality we may choose boosts in the
z-direction and write the momentum 4-vector in polar
coordinates as
p =(Ep, p cosϕp sin θp, p sinϕp sin θp, p cos θp) , (7)
with Ep =
√
p2 +m2, 0 6 θp 6 pi and 0 6 ϕp < 2pi. Let
Λ ≡ L (ξ) be the boost along the z-direction (as defined
in Ref. [4]), where ξ is the rapidity of the boost and let
ξ = |ξ|. With Eq. (7), we obtain
Up =
(
αp βpe
−iϕp
−βpeiϕp αp
)
, (8)
where
αp =
√
Ep +m
E′
p
+m
(
cosh
ξ
2
+
p cos θp
Ep +m
sinh
ξ
2
)
, (9)
βp =
p sin θp√
(Ep +m)
(
E′
p
+m
) sinh ξ2 , (10)
andE′
p
= Ep cosh ξ+p cos θp sinh ξ. The similar is for the
second particle with momentum q. Substituting Eq. (8)
into Eq. (6), we obtain the state viewed by the Lorentz-
boosted observer as
Ψ′ (Λp,Λq) =
g (p,q)√
2

αpβqe
−iϕq − αqβpe−iϕp
αpαq + βpβqe
−i(ϕp−ϕq)
−αpαq − βpβqei(ϕp−ϕq)
αpβqe
iϕq − αqβpeiϕp
 .
(11)
At the present stage, we use an “entangled Gaussian”
with width σ for the momentum distribution, as follows,
g (p,q)
=
√
1
N
exp
[
−p
2 + q2
4σ2
]
exp
[
−p
2 + q2 − 2xp · q
4σ2 (1− x2)
]
,
(12)
where x ∈ [0, 1) and N is the normalization. In Eq. (12),
for a given σ, x could be reasonably regard as a measure
of the entanglement between momenta. When x = 0,
the momentum part of the state is separable, i.e. the
momentum entanglement is zero. However at the limit
x→ 1, we have
lim
x→1
g (p,q) =
√
1
N ′
exp
[
− p
2
2σ2
]
δ3 (p− q), (13)
where N ′ is the normalization. Eq. (13) indicates a per-
fect correlation between the momenta. Note that in Eq.
(13) the momenta are not necessarily maximally entan-
gled.
By integrating over the momenta, we obtain the re-
duced density matrix, viewed by the Lorentz-boosted ob-
server, as
ρ =
∫∫
Ψ′ (p,q)Ψ′ (p,q)† d˜pd˜q. (14)
The entanglement between the spins viewed by the
Lorentz-boosted observer is obtained by calculating the
Wootters’ concurrence [14], denoted as C (ρ). The change
in the Lorentz-transformed concurrence C (ρ) depends on
σ/m, x and ξ. Fig. 1 shows the concurrence as a function
of rapidity ξ, for different values of σ/m and x. Similar to
Ref. [4], the decrease from the maximum value (C (ρ) = 1
for Bell states) documents the boost-induced decoherence
of the spin entanglement [4]. However, it is interesting to
see that for fixed σ/m and ξ, the concurrence decreases
less for non-zero x. Further, it is surprising that at the
limit x→ 1, the concurrence does not decrease, no mat-
ter what σ/m and ξ are. Indeed, at the limit x→ 1, not
only the concurrence but also the reduced density matrix
for spins are independent of σ/m and ξ.
One possible explanation for that the concurrence de-
creases less with the presence of momentum entangle-
ment is as follows. Boosting the state, we move some
of the spin entanglement to the momentum [4], however
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FIG. 1: Spin concurrence C (ρ) as a function of rapidity ξ, for
an initial Bell state with momentum in an “entangled Gaus-
sian”. Data shown as dot (square) is for σ/m = 1 (σ/m = 4),
with solid (dash) line for x = 0 (x = 0.8). The solid line at
C (ρ) = 1 represents the spin concurrence at the limit x → 1
for any value of σ/m.
the momentum entanglement appears to be moved to
spins simultaneously. The transfer of momentum entan-
glement to spins hence compensates the decrease of spin
entanglement, and the Lorentz-transformed concurrence
decreases less. When the momenta of the two particles
are perfectly correlated, even though may be not maxi-
mally entangled, the transfer of entanglement from mo-
menta to spins happens to fully compensate the decrease
of spin entanglement, so the entanglement of the reduced
spin state remains maximal when viewed by any Lorentz-
boosted observer. Particularly, for the singlet Bell states
with momentum distribution given in Eq. (13) (gener-
ally in Eq. (15) in the following), the Lorentz boost
does not affect the reduced spin state, only transforms
p → Λp and q → Λq. The momentum and spin parts
of such states always appear to be separate viewed from
any Lorentz-boosted frame.
That the spin concurrence remains maximal at the
limit x→ 1 when viewed from any Lorentz-boosted frame
can be generalized, without the assumption that the mo-
mentum distribution is an “entangled Gaussian” given
in Eq. (12). Directly from Eq. (11), we see that if the
momentum distribution takes the following form,
g′ (p,q) =
√
f (p) δ3 (p− q), (15)
where f (p) can be any distribution as long as g′ (p,q) is
normalized according to Eq. (4), the boosted state could
be written as
Ψ′ (Λp,Λq) =
g′ (p,q)√
2

0
α2
p
+ β2
p
−α2
p
− β2
p
0
 = Ψ(p,q) ,
(16)
where α2
p
+ β2
p
≡ 1 due to the unitarity of Up. For
the singlet Bell state shown in Eq. (1) with momentum
distribution given in Eq. (15), the reduced density matrix
remains the same as in the rest frame when viewed by
any Lorentz-boosted observer. Thus the entanglement
between the spins remains maximal if viewed from any
Lorentz-transformed frame. Indeed, the following four
“Bell” states all have invariant reduced density matrices
for spins viewed from any frame Lorentz boosted along
the z-axis.
Φ+f =
√
f (p) δ (p− q) δθp,θqδϕp+ϕq,0
∣∣φ+〉 , (17a)
Φ−f =
√
f (p) δ (p− q) δθp,θqδϕp+ϕq,pi
∣∣φ−〉 , (17b)
Ψ+f =
√
f (p) δ (p− q) δθp,θqδϕp−ϕq,pi
∣∣ψ+〉 , (17c)
Ψ−f =
√
f (p) δ3 (p− q)
∣∣ψ−〉 . (17d)
Here we define δx,y ≡ δ ((x− y)mod 2pi) for compact-
ness of notation. In Eqs. (17), f (p) could be any dis-
tribution as long as the state is normalized. |φ±〉 =
(|↑↑〉 ± |↓↓〉) /√2 and |ψ±〉 = (|↑↓〉 ± |↓↑〉) /√2 are the
conventional Bell states. Further, the states in Eqs. (17),
together with those differing by only rotations, constitute
a set of states of which the entanglement between the
spins remains maximal when viewed from any Lorentz-
transformed frame. This invariance of spin entanglement
leads to possible applications to the relativistic quantum
information processing. Here we shall note that, in Eqs.
(17) as well as in the remaining part of this paper, the
δ-functions should be regard as limits of analytical func-
tions under certain conditions, such as Eq. (13) is the
limit of Eq. (12) at x→ 1. The only restriction on f (p)
is that the states in Eqs. (17) could be normalized.
III. RELATIVISTIC-INVARIANT PROTOCOL
FOR QUANTUM INFORMATION PROCESSING
An application of possible interests of the above results
is to suggest a relativistic-invariant protocol for quan-
tum communication. Conventionally using the spin of a
single spin-1/2 particle to represent a qubit may not be
appropriate in relativity theory, because the reduced den-
sity matrix for its spin is generally not covariant under
Lorentz transformations [3]. If and only if for momentum
eigenstates (plane waves), the reduced density matrix for
the spin of a single particle could be covariant under
Lorentz transformations, but momentum eigenstates are
not localized and difficult for feasible applications. How-
ever, two spin-1/2 particles that are appropriately en-
tangled, such as in Eqs. (17) without being momentum
eigenstates, could indeed have reduced density matrix
for spins to be invariant under Lorentz transformation.
Such invariance provides us the possibility to feasibly rep-
resent a single qubit using two appropriately entangled
spin-1/2 particles, in a Lorentz-invariant manner. Taking
4into account that in many practical situations of commu-
nication, one may need to maintain the particles along
desired directions, here we focus on the idea case where
the momenta of the pair of particles have deterministic
directions, and assume that the two particles are mov-
ing along the same deterministic direction. We may also
choose the boost Λ to be along the z-axis, and the mo-
menta to lie in the x-z plane, i.e. θp ≡ θq ≡ θ and
ϕp ≡ ϕq ≡ 0, without loss of generality. In this protocol
we use the momentum distribution that has the following
form in the rest frame,
g˜ (p,q) =
√
f (p) δ (p− q) δθp,θδθq,θδϕp,0δϕq,0, (18)
with f (p) being arbitrary as long as g˜ (p,q) is normal-
ized as in Eq. (4). Because Eq. (18) is a simultane-
ous instance of the momentum distributions of the states
in both Eq. (17a) and Eq. (17d), both g˜ (p,q) |φ+〉
and g˜ (p,q) |ψ−〉 have invariant reduced density matrices
for spins when viewed from any Lorentz-boosted frames.
This enables us to use these two states as the orthonor-
mal bases, namely
∣∣∣0˜〉 and ∣∣∣1˜〉, of a qubit, as follows.
∣∣∣0˜〉 ∼ g˜ (p,q) ∣∣φ+〉 , (19a)∣∣∣1˜〉 ∼ g˜ (p,q) ∣∣ψ−〉 . (19b)
Eqs. (19) could be regarded as a representation of a
“Lorentz-invariant” qubit, in the sense that we look only
at the spin part of the state. The representation of
“Lorentz-invariant” multiple qubits could be obtained
straightforward. Note that in multi-qubit states, the mo-
mentum distributions of individual qubits are not neces-
sarily the same. We can further find operator acting upon
a single qubit, in terms of the “Lorentz-invariant” bases,
as
O˜ =
∑
σ,τ=0,1
λστ |σ˜〉 〈τ˜ | . (20)
The operators acting upon multiple qubits can be ob-
tained analogously. We refer the operators as in Eq. (20)
to be “Lorentz-invariant” in the sense that, if we look
only at spins, the action of the operator on the state
a
∣∣∣0˜〉 + b ∣∣∣1˜〉 (∀a, b ∈ C with |a|2 + |b|2 = 1) remains
the same when viewed in any Lorentz-boosted frame.
Within the set of these “Lorentz-invariant” qubits and
operators, the entropy, entanglement and measurement
results all have invariant meanings, despite that for a sin-
gle quantum spin and some other situations these quan-
tities may have no invariant meanings in different frames
[3, 4]. Therefore it is guaranteed that, using such states
and operators, the non-relativistic quantum information
theory could be invariantly applied to relativistic situa-
tion.
IV. CONCLUSION
As observed in Ref. [4], because Lorentz boosts en-
tangle the spin and momentum degrees of freedom, en-
tanglement between the spins may change if viewed from
a moving frame. Especially, maximally entangled spin
states will most likely decohere due to the mixing with
momentum degrees of freedom, depending on the initial
momentum wave function [4]. In this paper, we inves-
tigate the quantum entanglement between the spins of
a pair of spin-1/2 massive particles in moving frames,
for the case that the momenta of the particles are entan-
gled. We show that if the momenta of the pair are appro-
priately entangled, the entanglement between the spins
of the Bell states remains maximal when viewed from
any Lorentz-transformed frame. Further, we suggest a
relativistic-invariant protocol for quantum communica-
tion, with which the non-relativistic quantum informa-
tion theory could be invariantly applied to relativistic sit-
uations. Though the investigations are based on spin-1/2
particles, we believe the similar results for larger spins
could be obtained analogously. Especially, we hope our
work would help to find a relativistic-invariant protocol
for quantum information processing based on photons,
i.e. the case of massless spin-1 particles.
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